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The s t a t i s t i c a l  q u a l i t y  o f  t h e  da ta  on s o l a r  p r o t o n  e v e n t s  
i s  ex t r eme ly  poor ,  s o  t h a t  c o n s i d e r a t i o n  o n l y  o f  g e n e r a l  s t a t i s t i c a l  
c h a r a c t e r i s t i c s  appears warran ted .  The p r i n c i p a l  c o n c l u s i o n s  a re :  

> 

1. S o l a r  e v e n t s  t e n d  t o  c l u s t e r  w i t h i n  two - s i x  days o f  ebch 
o t h e r .  T h i s  w i l l  a f f e c t  t h e  maximum shor t - t ime  r a d i a t i o n  
exposure .  

2 .  The da ta  s u g g e s t s ,  a l though no t  c o n c l u s i v e l y ,  t h a t  t h e r e  
i s  a maximum " c u t o f f "  f l u x  f o r  s i n g l e  e v e n t s .  

3. The annua l  f l u x  fo l lows ,  i n  g e n e r a l  o u t l i n e ,  t h e  w e l l -  
known v a r i a t i o n  o f  sunspo t s  w i t h i n  t h e  e leven-year  s o l a r  
c y c l e .  Hence, expec ted  cumula t ive  f l u x  w i l l  depend on t h e  
dates encompassed by  any p a r t i c u l a r  mi s s ion .  Detai led 
s t a t i s t i c a l  a n a l y s i s  o f  h i s t o r i c a l  and c u r r e n t  sunspo t  
data  may lead  t o  s i g n i f i c a n t l y  improved p r e d i c t i o n s  f o r  
t h e  p r e s e n t  c y c l e .  

Perhaps t h e  main r e s u l t  o f  t h e  a n a l y s i s  i s  t h a t ,  i n  o r d e r  
t o  o b t a i n  v a l i d  s t a t i s t i c a l  e s t i m a t e s ,  it i s  e s s e n t i a l  t h a t  adequate  
s t a t i s t i c a l  c o n t r o l s  be i n c o r p o r a t e d  i n  any i n f o r m a t i o n  g a t h e r i n g  
b e a r i n g  on s o l a r  r a d i a t i o n .  It i s  recommended, t h e r e f o r e ,  t h a t  t h e  
s t a t i s t i c a l  p o i n t  o f  view be r e p r e s e n t e d  d u r i n g  t h e  fo rma t ive  stages 
of program p l a n n i n g  i n  t h i s  a r e a .  

- I. An appendix p r e s e n t s  a t u t o r i a l  e x p o s i t i o n  o f  conf idence  
'0 d i s t r i b u t i o n s ,  w i t h  a p p l i c a t i o n s  t o  v a r i o u s  t y p e s  o f  p o p u l a t i o n  
- d i s t r i b u t i o n s .  Using a s imple  model, con f idence  estimates o f  t h e  
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ABSTRACT 

The s t a t i s t i c a l  q u a l i t y  o f  t h e  data  on s o l a r  p r o t o n  e v e n t s  
i s  ex t remely  poor ,  s o  t h a t  c o n s i d e r a t i o n  o n l y  o f  g e n e r a l  s t a t i s t i c a l  
c h a r a c t e r i s t i c s  a p p e a r s  w a r r a n t e d .  The p r i n c i p a l  c o n c l u s i o n s  are : 

S o l a r  e v e n t s  t e n d  t o  c l u s t e r  w i t h i n  two - s i x  days  o f  each  
o t h e r .  T h i s  w i l l  a f f e c t  t h e  maximum s h o r t - t i m e  r a d i a t i o n  
exposure .  

> 

1. 

2 .  The da ta  s u g g e s t s ,  a l t h o u g h  no t  c o n c l u s i v e l y ,  t h a t  t h e r e  
i s  a maximum " c u t o f f "  f l u x  f o r  s i n g l e  e v e n t s .  

3. The annua l  f l u x  f o l l o w s ,  i n  g e n e r a l  o u t l i n e ,  t h e  w e l l -  
known v a r i a t i o n  o f  s u n s p o t s  w i t h i n  t h e  e l even-yea r  s o l a r  
c y c l e .  Hence, e x p e c t e d  cumula t ive  f l u x  w i l l  depend on t h e  
d a t e s  encompassed by any p a r t i c u l a r  m i s s i o n .  Detai led 
s t a t i s t i c a l  a n a l y s i s  o f  h i s t o r i c a l  and c u r r e n t  sunspo t  
d a t a  may l e a d  t o  s i g n i f i c a n t l y  improved p r e d i c t i o n s  f o r  
t he  p r e s e n t  c y c l e .  

Perhaps t h e  main r e s u l t  o f  t h e  a n a l y s i s  i s  t h a t ,  i n  o r d e r  
t o  o b t a i n  v a l i d  s t a t i s t i c a l  estimates,  it i s  e s s e n t i a l  t ha t  adequa te  
s t a t i s t i c a l  c o n t r o l s  be  i n c o r p o r a t e d  i n  any i n f o r m a t i o n  g a t h e r i n g  
b e a r i n g  on s o l a r  r a d i a t i o n .  It i s  recommended, t h e r e f o r e ,  t h a t  t h e  
s t a t i s t i c a l  p o i n t  o f  view be r e p r e s e n t e d  d u r i n g  t h e  f o r m a t i v e  stages 
of program p l a n n i n g  i n  t h i s  area.  
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I. I N T R O D U C T I O N  

R a d i a t i o n  from s o l a r  p r o t o n  e v e n t s  i s  a p o t e n t i a l l y  
s e r i o u s  h a z a r d  t o  l o n g  d u r a t i o n  manned s p a c e  f l i g h t s .  Permis-  
sab le  r a d i a t i o n  doses  ( s e e  r e f e r e n c e  1) are o r d i n a r i l y  s p e c i f i e d  
b o t h  i n  terms o f  maximum accumulated dose f o r  t h e  e n t i r e  m i s s i o n ,  
as w e l l  as maximum i n d i v i d u a l  dose i n  one day ,  i . e . ,  a s i n g l e  
e v e n t .  F o r  g iven  s p a c e c r a f t  s h i e l d i n g  c o n f i g u r a t i o n  and mis s ion  
d u r a t i o n ,  i t  becomes n e c e s s a r y  t h e n  t o  estimate t h e  r a d i a t i o n  . 
l e v e l s  t h a t  would n o t  b e  exceeded w i t h  h i g h  p r o b a b i l i t y ,  e . g . ,  . 
99%;  moreover,  t h e  conf idence  i n  such  an estimate s h o u l d  a l s o  be 
h i g h ,  e . g . ,  95%.  T h i s  memorandum c o n s i d e r s  o n l y  t h e  q u e s t i o n  o f .  
e s t i m a t i n g  t h e  accumulated and i n d i v i d u a l  f l u x e s  a r i s i n g  from 
s o l a r  p r o t o n  e v e n t s ;  c o n v e r t i n g  t h e s e  i n t o  r e s u l t i n g  doses  f o r  
d i f f e r e n t  s h i e l d i n g  c o n f i g u r a t i o n s  i s  n o t  c o n s i d e r e d .  

U n f o r t u n a t e l y  t h e  da ta  from t h e  l as t  (19) s o l a r  c y c l e  
e x h i b i t s  l a r g e  f l u c t u a t i o n s  and numerous s t a t i s t i c a l  d i s c r e p a n -  
c i e s ,  s o  t h a t  a de ta i led  q u a n t i t a t i v e  s t a t i s t i c a l  a n a l y s i s  i s  
u n l i k e l y  t o  b e  meaningfu l .  Emphasis here i s  p l a c e d  p r i m a r i l y  on 
q u a l i t a t i v e  s t a t i s t i c a l  c h a r a c t e r i s t i c s ,  p a r t i c u l a r l y  t h o s e  fea- 
t u r e s  l i k e l y  t o  a f f e c t  t h e  choice  o f  model. I n  f a c t ,  a p r i n c i p a l  
o b j e c t i v e  i s  t o  p o i n t  o u t  e x p l i c i t  shor tcomings  o f  t h e  data and 
t h e  consequent  s t a t i s t i c a l  d i f f i c u l t i e s  t ha t  a r i s e .  It i s  hoped 
t h e r e b y  t h a t  t h e  s t a t i s t i c a l  r equ i r emen t s  f o r  data c o l l e c t i o n  
d u r i n g  t h e  p r e s e n t  s o l a r  cyc le  can be b e t t e r  unde r s tood  and t h e  
v a r i o u s  problems l i k e l y  t o  be encoun te red  i n  a q u a n t i t a t i v e  sta- 
t i s t i c a l  a n a l y s i s  can b e  a n t i c i p a t e d .  

S e c t i o n  2 d i s c u s s e s  t h e  l i m i t a t i o n s  o f  t h e  data.  
S e c t i o n  3 summarizes t h e  s a l i e n t  s t a t i s t i c a l  c h a r a c t e r i s t i c s  
and s e c t i o n  4 p r e s e n t s  a summary and c o n c l u s i o n s .  The appendix  
d i s c u s s e s  q u a n t i t a t i v e  s t a t i s t i c a l  p r o c e d u r e s  and p r e s e n t s  i l l u s -  
t r a t i v e  c a l c u l a t i o n s  f o r  a very s i m p l e  model. 
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11. DISCUSSION OF QUALITY OF THE DATA 

2 . 1  Resume o f  Data  Sources 

T h i s  s e c t i o n  b r i e f l y  summarizes t h e  t y p e s  o f  
measurements used i n  e s t i m a t i n g  f l u x .  A more de t a i l ed  d i s c u s -  
s i o n  i s  g i v e n  i n  r e f e r e n c e  2 .  

When a s o l a r  event o c c u r s ,  t h e  impact ing  p a r t i c l e s  
cause  an  i n c r e a s e  i n  i o n i z a t i o n  o f  t h e  atmosphere.  T h i s  i n  
t u r n  i n c r e a s e s  t h e  a b s o r p t i o n  o f  any r a d i o  waves t h a t  impact 
t h e  ionosphere .  Es t ima tes  of  f l u x  from ground based observa-  
t i o n s  are  d e r i v e d  from t h e o r i e s  which r e l a t e  t h e  i n c i d e n t  flux 
t o  t h e  change i n  r a d i o  wave i n t e n s i t y .  The two p r i n c i p a l  ground 
based networks f o r  observ ing  t h i s  phenomenon employ ( a )  t h e  
r i o m e t e r ,  o r  ( b )  t h e  forward s c a t t e r  method. 

The r i o m e t e r  i s  a p a s s i v e  s y s t e m .  Upon t h e  occur rence  
o f  a s o l a r  e v e n t ,  i t  measures  t h e  amount of a t t e n u a t i o n  i n  t h e  
normal background g a l a c t i c  n o i s e ,  t h e  lower energy l i m i t  b e i n g  
about  5 MeV. It i s  e s t i m a t e d  ( r e f e r e n c e  2 )  t h a t  t he re  i s  about  
a 20% expe r imen ta l  u n c e r t a i n t y  i n  c a l c u l a t i n g  t h e  amount o f  
a b s o r p t i o n ,  and an  a d d i t i o n a l  f a c t o r  of 2 u n c e r t a i n t y  e x i s t s  i n  
i n t e r p r e t i n g  t h e  data t o  a r r i v e  a t  a n  e s t i m a t e d  f l u x .  The back- 
ground n o i s e  i s  such  t h a t  small e v e n t s  would not  o r d i n a r i l y  b e  
d e t e c t e d .  The r i o m e t e r  data i s  o r d i n a r i l y  supplemented by 
n e u t r o n  mon i to r s  which f u r n i s h  i n f o r m a t i o n  f o r  e n e r g i e s  g r e a t e r  
t h e n  1 Eev. I n  a d d i t i o n ,  a t  t h e  s t a r t  o f  e v e n t s ,  b a l l o o n s  have 
been deployed a t  v a r i o u s  l a t i t u d e s  t o  g a t h e r  a d d i t i o n a l  data .  
S p e c t r a l  c h a r a c t e r i s t i c s  and t i m e  dependence of t h e  even t  can  
g e n e r a l l y  b e  i n f e r r e d  from t h e  combinat ion of  data.* 

I n  t h e  forward s c a t t e r  method, r a d i o  waves are  
t r a n s m i t t e d  t o  t h e  ionosphere  and r e f l e c t e d  back t o  a r e c e i v e r .  
When a s o l a r  event  o c c u r s ,  b o t h  t h e  r e f l e c t i o n  as w e l l  as t h e  
a b s o r p t i o n  o f  t h e s e  r a d i o  waves are  i n c r e a s e d .  T h i s  method 
a p p e a r s  t o  have g r e a t e r  u n c e r t a i n t y  t h a n  t h e  r i o m e t e r .  I n  ad- 
d i t i o n  t o  day-night  v a r i a t i o n ,  t h e  measurements are  a f f e c t e d  by 
changes i n  t h e  ear th ' s  magnet ic  f i e l d .  The e x i s t e n c e  and magni- 
t u d e  o f  a s o l a r  event  are de termined  only  a f t e r  extended s t u d y  
o f  t h e  normal long  term background r a d i o  s i g n a l  r e c e p t i o n  char -  
a c t e r i s t i c s .  One of t h e  p r i n c i p a l  i n v e s t i g a t o r s  employing t h e  
forward  s c a t t e r  method i s  B a i l e y .  ( B a i l e y ' s  compi la t ion4  i s  

"Although t h e  t i m e  v a r i a t i o n  i s  impor t an t  i n  c o n s i d e r i n g  
d i f f e r e n t  t y p e s  of r a d i a t i o n  symptoms, t h e  even t  i s  u s u a l l y  sum- 
mar ized  b y  e s t i m a t i n g  t h e  t o t a l  f l u x  i n t e g r a t e d  o v e r  t h e  d u r a t i o n  
o f  t h e  e v e n t .  
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re fe r red  t o  below as Ba i l ey  e v e n t s . )  On t h e  o t h e r  hand, Webber's 
c o m p i l a t i o n 3  ( c a l l e d  Webber e v e n t s )  f o r  t h e  most p a r t  d i s c o u n t s  
t h e  forward  s c a t t e r  data. 

S a t e l l i t e s ,  which o p e r a t e  above t h e  atmosphere,  o f f e r  
t h e  bes t  means o f  obse rv ing  e v e n t s  s i n c e  t h e y  d e t e c t  t h e  pr imary  
p a r t i c l e s  d i r e c t l y .  The s a t e l l i t e  data i s  d i s c u s s e d  i n  t h e  f o l -  
lowing s e c t i o n  2 . 2 .  

The f l u x  da ta  f o r  t h e  54 observed  s o l a r  e v e n t s  o f  t h e  
n i n e t e e n t h  s o l a r  c y c l e  i s  p r e s e n t e d  i n  T a b l e  1 (from r e f e r e n c e  5 ) .  
A summary t a b u l a t i o n  i s  g iven  i n  T a b l e  2 .  

2.2 S a t e l l i t e s  and Occurrences o f  Small  Events  

The E x p l o r e r  V I 1  s a t e l l i t e  was o p e r a t i o n a l  from 
October  1 3 ,  1959 t o  February 1 7 ,  1961. During t h i s  p e r i o d  t h e r e  
was a la rge  i n c r e a s e  i n  t h e  number o f  r e c o r d e d  small e v e n t s .  
T h i s  i s  shown i n  t h e  summary t a b l e  below f o r  e n e r g i e s  > 30 M e V .  

ANNUAL NUMBER O F  SMALL EVENTS 

(Webber e v e n t s )  (Webb e r  e v e n t s  ) ( B a i l e y  e v e n t s )  
F lux  between F lux  l e s s  t h a n  All 
1 0  6 and l o 7  ,06 

1956 

1957 

0 

3 

0 

0 

2 

5 

1958 2 0 1 

1959 1 0 1 

1960 8 3 1 

1961 3 0 1 

A c t u a l l y  r e f e r e n c e  6 l i s t s  2 1  e v e n t s  observed  by E x p l o r e r  VI1 
from October  1 3 ,  1959 t o  February 1 7 ,  1961. Four t een  o f  these  
are i n c l u d e d  i n  Webber's l i s t 3 ,  w h i l e  seven  e v e n t s  (most ly  very  
small  or o c c u r r i n g  s h o r t l y  a f t e r  o t h e r  e v e n t s )  appea r  i n  n e i t h e r  
Webber's n o r  B a i l e y ' s  l i s t .  One Webber e v e n t  (September 26, 1960) 
and  one B a i l e y  even t  (March 2 9 ,  1960)  were n o t  r e p o r t e d  b y  
E x p l o r e r  VII. 
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It appea r s  l i k e l y  t h a t  i f  a s a t e l l i t e  had been  
o p e r a t i o n a l  p r i o r  t o  October  1959,  many more small e v e n t s  would 
p robab ly  have been  d e t e c t e d .  Webber3 e s t i m a t e s  1 0 0  e v e n t s  as a 
l i k e l y  t o t a l  f o r  t h e  n i n e t e e n t h  s o l a r  c y c l e - - t h i s  i s  a lmos t  
t w i c e  t h e  number ( 5 4 )  l i s t e d  i n  T a b l e  1. 

2 . 3  B a i l e y ' s  Events  

Some d i f f e r e n c e  of o p i n i o n  e x i s t s  r e g a r d i n g  t h e  
i n t e r p r e t a t i o n  o f  e v e n t s  r e p o r t e d  by  B a i l e y .  Such e v e n t s  have  
been i n c l u d e d  i n  t h e  a n a l y s i s  of r e f e r e n c e  5 and exc luded  i n  
r e f e r e n c e  2 .  Of t h e  54 e v e n t s  l i s t e d  i n  Table 1, 34 o f  these 
are i n c l u d e d  b y  b o t h  Webber and B a i l e y ;  n i n e  are i n c l u d e d  by 
Webber b u t  n o t  by B a i l e y ;  and 11 are i n c l u d e d  by B a i l e y  b u t  n o t  
b y  Webber.* For  these  l a t t e r  11 e v e n t s ,  B a i l e y ' s  f l u x  estimates 
a p p e a r  t o  b e  s u r p r i s i n g l y  l a r g e  by  compar ison;  a l l  a r  g r e a t e r  
t h a n  107, t h e  l a r g e s t  (March 25,  1958)  b e i n g  7 .8  x 1 0  8 . 

The q u e s t i o n  a r i s e s  o f  how t o  t r e a t  t h e  B a i l e y  e v e n t s  
s t a t i s t i c a l l y .  To e l i m i n a t e  them comple t e ly  might w e l l  bias 
f u r t h e r  t h e  number o f  a c t u a l  e v e n t s ,  a l r e a d y  undoubtedly  under- 
estimated. On t h e  o t h e r  hand, i n  view o f  t h e  obvious  d i s c r e p -  
a n c i e s  i n  f l u x  magni tudes  between Webber and B a i l e y  e v e n t s ,  
i n c l u s i o n  o f  t h e  l a t t e r  would add a p p r e c i a b l y  t o  t h e  a l r e a d y  
c o n s i d e r a b l e  amount o f  l 'noise ' l .  A r e a s o n a b l e  compromise--which 
w i l l  be  adopted  i n  subsequent  a n a l y s i s - - i s  t o  i n c l u d e  t h e  
B a i l e y  e v e n t s  b u t  t o  r educe  t h e  f l u x e s .  We have more o r  less  
a r b i t r a r i l y  used  a r e d u c t i o n  f a c t o r  o f  1 0 0 .  I n  e f f e c t ,  t h i s  
p l a c e s  a l l  B a i l e y  e v e n t s  i n  t h e  small even t  c a t e g o r y .  

I n  summary, t he re  a p p e a r s  t o  b e  l a r g e  u n c e r t a i n t i e s  
i n  t h e  da ta ,  i n c l u d i n g  a p robab le  u n d e r e s t i m a t e  i n  t h e  number 
o f  small e v e n t s  ( e x c e p t  p o s s i b l y  f o r  1 9 6 0 ) .  There are  a l s o  
d i s c r e p a n c i e s  between Webber and B a i l e y  e v e n t s  b o t h  i n  i d e n t i -  
f i c a t i o n  as w e l l  as e s t i m a t i o n  o f  f l u x  magnitude.  

111. STATISTICAL CHARACTERISTICS OF THE DATA 

T h i s  s e c t i o n  p r e s e n t s  a q u a l i t a t i v e  s t a t i s t i c a l  a n a l y s i s  
of  t h e  data i n  Tab le  1. S e c t i o n  3.1 d i s c u s s e s  t h e  c l u s t e r i n g  
e f f e c t ,  i . e . ,  t h e  tendency  f o r  many e v e n t s  t o  o c c u r  w i t h i n  a few 
days  of  one a n o t h e r .  S e c t i o n  3.2 compares t h e  f l u x  data c o r r e s -  
ponding t o  e n e r g i e s  g r e a t e r  t h a n  30 Mev w i t h  e n e r g i e s  g r e a t e r  t h a n  
100  MeV. S e c t i o n  3.3 d i s c u s s e s  t h e  a n n u a l  v a r i a t i o n  i n  f l u x ,  
e s p e c i a l l y  i n  c o n n e c t i o n  w i t h  t h e  11-year c y c l e  d e s c r i b i n g  v a r i a -  
t i o n  i n  sunspo t  a c t i v i t y .  S e c t i o n  3.4 combines t h e  i n d i v i d u a l  

*Webber does i n c l u d e ,  i n  a l a t e r  p o r t i o n  o f  h i s  r e p o r t  
( T a b l e  8 i n  r e f e r e n c e  41, f o u r  o f  B a i l e y ' s  events--March 1 0 ,  1956; 
November 13 ,  1956 ;  A p r i l  3,  1957;  and June  2 2 ,  1957;  however,  no 
estimat.es of f l u x  a r e  g iven .  
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e v e n t s  f o r  a l l  years  and d i s c u s s e s  t h e  a p p r o p r i a t e n e s s  o f  a 
v a r i e t y  o f  a l t e r n a t i v e  s t a t i s t i c a l  d i s t r i b u t i o n s  t h a t  might  be 
used t o  d e s c r i b e  t h e  observed f l u x e s  f o r  i n d i v i d u a l  e v e n t s  
and/or  c l u s t e r s .  

It i s  u s e f u l  i n i t i a l l y  t o  n o t e  t h a t  most o f  t h e  
s t a t i s t i c a l  i n f e r e n c e s  and conc lus ions  are i n f l u e n c e d  p r i m a r i l y  
by t h e  f o u r  largest e v e n t s  ( o r  c l u s t e r s )  t h a t  occur red .  I n  
approximate o r d e r  o f  importance these  a r e :  

FLUXES FOR LARGEST EVENTS 

Date N(>30 M e V )  

Protons/cm 2 
N(>100 M e V )  

2 Protons/cm 

7\ 7-10-59 

7-14-59 
I 

7- 1 6 - 5 9) 

1 . 3  1 0 9  
8 7.2  x 10 

* 
1.0 1 0 9  

8 

11- 12- 6 0'- 

11-15-60 
! 

I 11-20-6 0, 

2-23-56 

5-10-59 9 . 6  x 1 0  

( 1 . 4  x 1 0  8 

8 4 1.0 x 10 
(1 .3  x 1 0  8 

8 . 5  x 1 0  r 1.2 x 10 a 

8 
\ *  

3.5 x 1 0  

8 .5  1 0 7  

3 . 1  C l u s t e r i n g  

An impor tan t  c h a r a c t e r i s t i c  o f  t h e  s o l a r  e v e n t s  i s  t h e  
f r e q u e n t  occur rence  of  c l u s t e r s .  I n  T a b l e  1 b r a c e s  are  used t o  
i d e n t i f y  t h o s e  c a s e s  f o r  which t h e  t i m e  i n t e r v a l  between succes-  
s i v e  e v e n t s  was seven  days o r  less .  
compr is ing  28 o f  t h e  t o t a l  o f  54 e v e n t s .  
summarizes t h e  d i s t r i b u t i o n  o f  w a i t i n g  t imes  between e v e n t s ,  
shows tha t  a d i s p r o p o r t i o n a t e l y  l a r g e  number of  e v e n t s  occur red  

Nine such c l u s t e r s  a re  shown, 
The f o l l o w i n g  t a b l e ,  which 

*Medium s i z e  event  



BELLCOMM, INC. - 6 -  

w i t h  t i m e  i n t e r v a l s  less t h a n  seven  days ,  much more s o  t h a n  
would r e a s o n a b l y  occur  by chance a lone . "  

D I S T R I B U T I O N  OF W A I T I N G  TIMES BETWEEN EVENTS 

T i m e  Between Events  
(Days)  

Number o f  Events  

5 
6 
7 

*With 53 e v e n t s  ( e x c l u d i n g  t h e  f i r s t )  o c c u r r i n g  i n  2044 days ,  
t h e  ave rage  w a i t i n g  t i m e  i s  38.6 days .  If e v e n t s  were random; i . e . ,  
e x p o n e n t i a l l y  d i s t r i b u t e d ,  t he  e x p e c t e d  number of e v e n t s  w i t h  i n t e r -  
v a l s  of f o u r  days  or less would b e  53 [l - exp (-4/38.6)] = 5.06 
compared w i t h  1 4  e v e n t s  a c t u a l l y  obse rved .  S i m i l a r l y  f o r  s e v e n  days 
o r  less  t h e  e x p e c t e d  number i s  8 . 8  and t h e  observed  number 19. T h i s  
c a l c u l a t i o n  does n o t  take i n t o  accoun t  t h e  28-day p e r i o d  o f  s o l a r  
r o t a t i o n .  S i n c e  about  75% of t h  obse rved  p r o t o n s  came from a small  
l o n g i t u d i n a l  r e g i o n  o f  the  sun,1g one would expec t  somewhat fewer 
e v e n t s  separated by i n t e r v a l s  O f  7-21 days .  
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Thus the  s t a t i s t i c a l  e v i d e n c e  s u g g e s t s  some t y p e  o f  
t r i g g e r i n g  o r  c h a i n  r e a c t i o n  e f f e c t .  I f  s o ,  one might e x p e c t  
e v e n t s  w i t h i n  a c l u s t e r  t o  a r i s e  from t h e  same g e n e r a l  s o l a r  
geograph ic  r e g i o n .  Taking  i n t o  account  t h e  l3o/day s o l a r  
r o t a t i o n  (28-day p e r i o d ) ,  Table 1 i n d i c a t e s  (by  t) t h o s e  e v e n t s  
w i t h i n  a b r a c k e t  which can  b e  g e o g r a p h i c a l l y  c o r r e l a t e d ,  and 
(by  -1 t h o s e  which are n o t . *  Estimates o f  geograph ic  l o c a t i o n  
f o r  t h e  B a i l e y  e v e n t s  were n o t  a v a i l a b l e .  

O f  t h e  n i n e  c l u s t e r s ,  s i x  i n v o l v e  more than one 
Webber e v e n t .  Four  o f  these are comple te ly  c o r r e l a t e d  geograph- 
i c a l l y ,  i n c l u d i n g  t h e  two v e r y  l a r g e  c l u s t e r s  o f  e v e n t s  o c c u r r i n g  
i n  J u l y  1959 and November 1960. The f i rs t  o f  t h e  three August 
1958 e v e n t s  does n o t  appear t o  b e  c o r r e l a t e d .  Also,  f o r  t h e  
c l u s t e r  o f  f i v e  e v e n t s  i n  1960 between A p r i l  28 and May 13, only  
t he  f i r s t  and t h i r d  a p p e a r  t o  b e  g e o g r a p h i c a l l y  c o r r e l a t e d .  

O f  c o u r s e ,  by chance a l o n e ,  one would e x p e c t  s u c c e s s i v e  
e v e n t s  o c c a s i o n a l l y  t o  occur  w i t h i n  s e v e n  d a y s .  For  purposes  o f  
subsequen t  s t a t i s t i c a l  a n a l y s i s  w e  w i l l  adop t  t h e  r u l e  t h a t  
s u c c e s s i v e  e v e n t s  n o t  more t h a n  seven  days apart c o n s t i t u t e  p a r t  
o f  a c l u s t e r  on ly  i f  t h e y  show geograph ic  c o r r e l a t i o n .  For  
B a i l e y  e v e n t s  i t  w i l l  be  assumed t h a t  a l l  b r a c k e t e d  e v e n t s  form 
pa r t  o f  a c l u s t e r .  T h i s  encompasses the  two e v e n t s  i n  A p r i l  1957,  
t h e  March 1958 e v e n t ,  and a l s o  the  two 1957 e v e n t s  on August 31  
and September 2 .  

One s h o u l d  n o t e  t h e  s t a t i s t i c a l  c o r r e l a t i o n  between 
magnitudes o f  f l u x  f o r  e v e n t s  w i t h i n  a c l u s t e r .  For t he  la rges t  
c l u s t e r  o f  J u l y  1959, t h e  c o r r e l a t i o n ,  f o r  b o t h  30 Mev and 100 Mev 
f l u x e s ,  i s  a lmost  1 0 0  p e r c e n t .  However, t he  November 1960 and 
J u l y  1961 c l u s t e r s  had c o n s i d e r a b l y  more v a r i a t i o n  i n  f l u x  
magnitudes . 

The c l u s t e r i n g  e f f e c t  has i m p o r t a n t  i m p l i c a t i o n s  b o t h  
f o r  t he  s t a t i s t i c a l  a n a l y s i s  and f o r  i n t e r p r e t a t i o n  o f  s i n g l e  
e v e n t  dosage ,  Regard ing  t h e  l a t t e r ,  s o l a r  e v e n t s  o c c u r r i n g  w i t h i n  
one week lead t o  r a d i a t i o n  symptoms i n t e r m e d i a t e  t o  s i n g l e  day 
and long  term exposure  ( s e e  r e f e r e n c e  1). From the  s t a t i s t i c a l  
s t a n d p o i n t  one s h o u l d  a s c e r t a i n  whether t he  i n d i v i d u a l  e v e n t  o r  
t h e  i n d i v i d u a l  c l u s t e r  p r o v i d e s  a more s a t i s f a c t o r y  o v e r a l l  des- 
c r i p t i o n  o f  s o l a r  e v e n t  a c t i v i t y .  I f  t h e  c l u s t e r  i s  adopted  as 
the  b a s i c  u n i t ,  t h e  f u r t h e r  q u e s t i o n  arises whether one s h o u l d  
u s e  t he  a v e r a g e ,  t h e  maximum, o r  t he  t o t a l  f l u x  o f  a l l  t h e  e v e n t s  
w i t h i n  a c l u s t e r .  Although each  o f  these measures  leads t o  some- 
what d i f f e r e n t  s t a t i s t i c a l  r e s u l t s ,  on ly  t h e  t o t a l  i s  ana lyzed  i n  
s e c t i o n  3 . 3 .  

*The d e t e r m i n a t i o n  of  p l u s e s  and minuses was made by  
R .  H i l b e r g ,  Bellcomm. 
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Although not  d i r e c t l y  re la ted  t o  t h e  q u e s t i o n  o f  
c l u s t e r i n g  there appea r s  t o  be some i n d i c a t i o n  that  t he  l o n g e s t  
w a i t i n g  times o c c u r r e d  at t h e  end of e a c h  c a l e n d a r  y e a r .  L i s t e d  
below are t h e  " t r a n s i t i o n "  times between t h e  l a s t  e v e n t  of  any 
y e a r  and t h e  f i rs t  e v e n t  o f  t h e  f o l l o w i n g  year .  

T r a n s i t i o n  Remarks 
Time ( d a v s )  

1956-57 69 The s h o r t e s t  f o r  a l l  f i v e  y e a r s .  However, 
a lmost  a l l  w a i t i n g  i n t e r v a l s  between 
March 1 0 ,  1956 and June  22 ,  1957 are abou t  
t w i c e  t h e  ave rage .  

t h rough  f irst  h a l f  of 1958. 
1957-58 9 1  By f a r  t h e  l o n g e s t  t i m e  f o r  a l l  of  1957 

1958-59 1 4 4  

1959-60 1 4 6  

1960-61 234 

The p o s s i b i l i t y  t h a t  less  so la r  e v e n t  a c t i v i t y  takes place d u r i n g  
w i n t e r  months i s  examined f u r t h e r  i n  s e c t i o n  3.3 from t h e  s t a n d -  
p o i n t  of  t o t a l  q u a r t e r l y  f l u x .  

3 .2  Comparison of  30 Mev and 100 Mev Data 

P a r t i c l e s  w i t h  e n e r g i e s  o f  about  30 Mev w i l l  j u s t  
p e n e t r a t e  p o r t i o n s  of  t h e  s k i n  o f - t h e  command module. As more 
s h i e l d i n g  i s  employed, t h e  energy  r e q u i r e d  f o r  p e n e t r a t i o n  
i n c r e a s e s .  I n  o r d e r  t o  estimate dose  one needs t o  know more t h a n  
m e r e l y  t h e  i n t e g r a t e d  f l u x  f o r  a l l  p a r t i c l e s  w i t h  e n e r g i e s  greater 
t h a n  30 MeV.  

T a b l e  1 p r e s e n t s  f l u x e s  above 100 Mev f o r  29 of  t h e  
t o t a l  o f  4 4  Webber e v e n t s .  Approximately 11 o f  t h e  1 5  m i s s i n g  
v a l u e s  are  f o r  very  small e v e n t s  (30 Mev f l u x  less  t h a n  9 x 106 
p r o t o n  /cm2),  t h r e e  e v e n t s  had 30 Mev f l u x  between 9 x 106  and 
2 x l o i i ,  and one ( June  13 ,  1959)  had 30 Mev f l u x  o f  8 .5  x 107. 
F o r  purpose  of  s t a t i s t i c a l  a n a l y s i s ,  it seems preferab le  t o  e s t i -  
mate these m i s s i n g  v a l u e s  t h a n  t o  omit  them. A s  d i s c u s s e d  below,  
t h e  100 Mev f l u x e s  s o  a s s i g n e d  co r re spond  t o  1/10 the 30 Mev f l u x ,  
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F i g u r e  1 shows a j o i n t  p l o t  o f  t h e  30 Mev and 100 Mev 
data.  The l i n e  r e p r e s e n t i n g  a 1 O : l  f l u x  r a t i o  i s  shown, and can 
be s e e n  t o  be  n o t  un reasonab le  as an  ave rage  f i t .  The f i g u r e  
a l s o  shows c o n s i d e r a b l e  s c a t t e r  i n  t h e  p o i n t s .  Measurement 
e r r o r s  undoubtedly  comprise  a l a r g e  p o r t i o n  o f  t h i s  s c a t t e r .  
However, there  i s  a l s o  t h e  i n h e r e n t  v a r i a t i o n  i n  t he  ( i n t e g r a t e d )  
ene rgy- f lux  d i s t r i b u t i o n . "  The v a r i a t i o n  a p p e a r s  t o  b e  most pro-  
nounced i n  t he  c a s e  o f  i n t e r m e d i a t e  s i z e  e v e n t s  which seem t o  
d i v i d e  i n t o  two f a i r l y  d i s t i n c t  g r o u p s .  It seems safe  t o  s a y  
t h a t  t h i s  v a r i a b i l i t y  i n  the  e n e r g y - f l u x  d i s t r i b u t i o n  i s  a major  
f a c t o r  i n  t h e  s t a t i s t i c a l  r e l i a b i l i t y  o f  dose  estimates; i t  may 
i n  f a c t  p rove  n e c e s s a r y  t o  i n c o r p o r a t e  t he  e n t i r e  ene rgy- f lux  
d i s t r i b u t i o n  i n t o  t h e  a n a l y s i s .  

3 . 3  S o l a r  P r o t o n  E v e n t s ,  Sunspots  and S o l a r  F l a r e s  

The p a t t e r n  of p r o t o n  e v e n t  a c t i v i t y  p a r a l l e l s  rough ly  
t h a t  f o r  s u n s p o t s  and s o l a r  f l a res .  F i g u r e  2 shows de Gas ton ' s  
e s t i m a t e s l 5  f o r  t h e  n i n e t e e n t h  s o l a r  c y c l e  o f  smoothed s u n s p o t  
number and number o f  f l a r e s .  Also shown i s  t h e  log o f  t o t a l  
a n n u a l  f l u x  w i t h  ene rgy  g r e a t e r  t h a n  30 M e V .  Taking  i n t o  accoun t  
t h e  l a r g e  u n c e r t a i n t i e s  i n  t h e  f l u x  data, e s p e c i a l l y  p r i o r  t o  
1960,  t h e  cor respondence  i s  on t h e  whole q u i t e  good. A s  one 
might e x p e c t ,  t h e  f l u x  fo l lows  t h e  f la re  cu rve  somewhat b e t t e r  
t h a n  t h e  s u n s p o t  c u r v e .  The f l u x  peak i n  1956,  one y e a r  p r i o r  
t o  t h e  s o l a r  f l a r e  peak ,  can be  p a r t i a l l y  e x p l a i n e d  by the  f a c t  
t ha t  t h e  f l a r e  cu rve  p l o t s  number o f  f l a r e s .  A c t u a l l y  th ree  
times as many p r o t o n  e v e n t s  o c c u r r e d  i n  1957 t h a n  i n  1956. The 
February  23 ,  1956 e v e n t  was t h e  f i r s t  c o n s e q u e n t i a l  e v e n t  o f  the  
n i n e t e e n t h  s o l a r  c y c l e ,  and a t  t h e  same t i m e  t h e  l a r g e s t  f o r  
e n e r g i e s  g r e a t e r  t h a n  1 0 0  MeV. 

The d e v i a t i o n  between s u n s p o t  a c t i v i t y  and p r o t o n  
e v e n t  a c t i v i t y  would be  c o n s i d e r a b l y  g r e a t e r  i f  t o t a l  q u a r t e r l y  
f l u x  (see T a b l e  3 )  were p l o t t e d  r a the r  t h a n  a n n u a l  f l u x .  How- 
e v e r ,  as n o t e d  p r e v i o u s l y ,  t h e  second and t h i r d  q u a r t e r s  o f  each  
y e a r  may b e  more a c t i v e  than t h e  f i r s t  and f o u r t h  q u a r t e r s .  The 
f o l l o w i n g  t ab le  summarizes the b i q u a r t e r l y  f l u x e s  f o r  each  o f  
t h e  s i x  y e a r s .  The c o n t r a s t  i s  s e e n  t o  be g r e a t e r  w i t h  r e s p e c t  
t o  number of e v e n t s  t h a n  f o r  t o t a l  f l u x .  Although the  second  
and t h i r d  q u a r t e r s  had l a r g e r  f l u x e s  f o r  on ly  th ree  o f  t h e  s i x  
yea r s ,  t h e - t o t a l  f o r  a l l  y e a r s  i s  50% l a r g e r -  (due  p r i m a r i l y  t o  
1 9 5 9 ) .  

* G e o p h y s i c i s t s  u s u a l l y  r e f e r  t o  t h e  r i g i d i t y  (momentum p e r  
u n i t  cha rge )  d i s t r i b u t i o n .  However, t h i s  i s  r e a d i l y  t r a n s f o r m e d  
i n t o  an energy  d i s t r i b u t i o n .  
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SUMMARY OF BIQUARTERLY ACTIVITY 

1956 

1957 

1958 

1959 

1960 

1961  

Annual 

F lux  
( > 3 0  MeV) 

x 1 0  8 

i o .  26 

4 .63  

7.50 

42 55 

21.35 

t h  lS tand  4 Q u a r t e r s  

No. F lux  

x 1 0  

Events  ( > 3 0  M e V )  
8 

3 1 0 . 0 1  

3 2.60 

3 2.70 

1 .003  

5 20.65 

- 0 0 . 0 0  

1 5  35.96 

2 d and 3 d Q u a r t e r s  

No. F lux  
Even t s  (>30 M e V )  

x 1 0  8 

1 25 

9 2 .03  

6 4.80 

6 42.55 

11 70 

- 6 3.54 

39 53.87 

I n  view o f  t h e  c o r r e l a t i o n  between s o l a r  p r o t o n  e v e n t s  
and s u n s p o t s ,  a n a t u r a l  c o u r s e  f o r  p r e d i c t i n g  p r o t o n  e v e n t  a c t i -  
v i t y  f o r  t h e  n e x t  s o l a r  c y c l e  would b e  f i rs t  t o  p r e d i c t  t h e  sun- 
s p o t  a c t i v i t y .  Otherwise, s i n c e  p r o t o n  e v e n t  data i s  a v a i l a b l e  
o n l y  f o r  t h e  n i n e t e e n t h  s o l a r  c y c l e ,  one can  o n l y  assume tha t  t h e  
c h a r a c t e r i s t i c s  o f  t h e  next  c y c l e  w i l l  b e  t h e  same as t h e  l a s t .  

The h i s t o r i c a l  data on smoothed s u n s p o t s  f o r  t h e  p a s t  
n i n e t e e n  c y c l e s  i s  shown i n  F i g u r e  3 ( f rom r e f e r e n c e  7 ) .  I n d i -  
c a t e d  below are  a number o f  q u a l i t a t i v e  s t a t i s t i c a l  c h a r a c t e r i s t i c s  
o f  these data t h a t  appear, a f t e r  more or less  c u r s o r y  examina t ion ,  
t o  be  s i g n i f i c a n t .  

1. Each c y c l e  i s  remarkably c l o s e  t o  11 y e a r s .  Major 
d e v i a t i o n s  occur red  o n l y  i n  t h e  t h i r d ,  f o u r t h  and 
n i n t h  c y c l e s .  

2 .  There  i s  s u b s t a n t i a l  v a r i a t i o n  i n  t h e  magni tudes  o f  
t h e  peaks,  b u t  t h e r e  i s  a l s o  s u b s t a n t i a l  c o r r e l a t i o n  
between s u c c e s s i v e  years .  Thus,  t h e  f i rs t  f o u r  c y c l e s  
a r e  l a r g e ,  t h e  next  t h r e e  small ,  t h e  n e x t  f o u r  l a r g e ,  
t h e  nex t  f i v e  small ,  and t h e  f i n a l  th ree  l a r g e .  

3. Fo r  t h e  years when peaks were l a r g e ,  t h e  c o r r e s p o n d i n g  
a c t i v i t y  a t  solar minimum a l s o  t e n d e d  t o  be  r e l a t i v e l y  
h i g h .  Moreover, t h e  t i m e  when t h e  minimum o c c u r r e d  
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4 .  

5 .  

a p p e a r s  t o  have b e e n  d e l a y e d  somewhat. O f  t he  two 
c a s e s  w i t h  sharpes t  d rop  i n  a c t i v i t y  from one c y c l e  
t o  t h e  nex t - - cyc le s  4 t o  5 and 11 t o  12--the t i m e  
between peak and t rough  was abou t  n i n e  y e a r s .  On 
t h e  o t h e r  hand,  t h i s  same t i m e  i n t e r v a l  o c c u r r e d  
a l s o  between t h e  r e l a t i v e l y  low a c t i v i t y  c y c l e s  13 
and 1 4 .  

The r a t e  o f  i n c r e a s e  i n  a c t i v i t y  ( i . e . ,  t h e  s l o p e  of 
t h e  c u r v e )  a t  t h e  beg inn ing  o f  t h e  c y c l e  a p p e a r s  t o  
be  much sharper  than t h e  f a l l  o f f  i n  t h e  l a t t e r  por-  
t i o n .  (The only  e x c e p t i o n  i s  a p p a r e n t l y  t h e  s e v e n t h  
c y c l e . )  Moreover, c y c l e s  w i t h  h i g h  a c t i v i t y  gener -  
a l l y  had t h e  sharpest  i n i t i a l  r i s e .  

Double peaks  abou t  two y e a r s  a p a r t  o c c u r r e d  i n  s e v e r a l  
c a s e s , *  w h i l e  i n  o t h e r  i n s t a n c e s  i t  a p p e a r s  t h a t  a 
double  peak l la lmost l l  o c c u r r e d .  (One would have t o  
r e f e r  back t o  t h e  unsmoothed data t o  make a n  a c c u r a t e  
d e t e r m i n a t i o n .  1 

I n  summary, t h e  h i s t o r i c a l  s u n s p o t  and s o l a r  f l a r e  
data, combined w i t h  data  s i n c e  1 9 6 1  b e a r i n g  on t h e  p r e s e n t  
( t w e n t i e t h )  s o l a r  c y c l e ,  c o n t a i n s  much i n f o r m a t i o n  tha t  m i g h t  
be u s e f u l  i n  p r e d i c t i n g  the  l e v e l  of s o l a r  e v e n t  a c t i v i t y  i n  the  
n e a r  f u t u r e .  Undoubtedly,  complex s t a t i s t i c a l  a n a l y s e s  would b e  
r e q u i r e d  t o  e x t r a c t  t h i s  i n f o r m a t i o n .  One s h o u l d  n o t e  t h a t  only  
i n  r e c e n t  y e a r s  have s o p h i s t i c a t e d  s t a t i s t i c a l  t o o l s  been  deve l -  
oped f o r  t h e  a n a l y s i s  o f  s t o c h a s t i c  p r o c e s s e s  ( t i m e  s e r i e s ) .  

3.4 P r o b a b i l i t y  D i s t r i b u t i o n  o f  F l u x  f o r  S i n a l e  Events  and 
C l u s t e r s  

I n  o r d e r  t o  de t e rmine  the  maximum f l u x  which would n o t  
be exceeded  w i t h  h i g h  p r o b a b i l i t y  ( s a y  9 9 % ) ,  i t  i s  n e c e s s a r y  t o  
e x t r a p o l a t e  t h e  obse rved  data.  The u s u a l  p r o c e d u r e  i s  f i rs t  t o  
d e t e r m i n e  an  a p p r o p r i a t e  ( p a r a m e t r i c )  t y p e  o f  d i s t r i b u t i o n ,  t h e n  
estimate t h e  parameters of t h e  d i s t r i b u t i o n ,  and f i n a l l y  deter-  
mine t h e  conf idence  i n  t h e  e s t i m a t e s .  P a r t i c u l a r l y  i n  t h e  p r e -  
s e n t  problem, i t  i s  impor t an t  t o  use  as much as p o s s i b l e  of  t h e  
a v a i l a b l e  i n f o r m a t i o n  i n  o r d e r  t o  i n c r e a s e  the  conf idence  i n  t h e  
e x t r a p o l a t i o n  (i .  e . ,  dec rease  t h e  s i z e  o f  t h e  conf idence  i n t e r v a l )  . 
Although t h e  small e v e n t s  a r e  most numerous, t h e  la rges t  e v e n t s  
c o n t a i n  t h e  most i n f o r m a t i o n  c o n c e r n i n g  t h e  n a t u r e  o f  t h e  

* A .  N .  de Gaston15 shows pronounced double  Peaks i n  number 
of s o l a r  f l a res  f o r  b o t h  t h e  e i g h t e e n t h  and n i n e t e e n t h  s o l a r  c y c l e s .  
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d i s t r i b u t i o n  i n  t h e  t a i l s ,  i n  p a r t i c u l a r ,  whether t he re  i s  l i k e l y  
t o  be  an  a b s o l u t e  maximum f l u x  f o r  i n d i v i d u a l  e v e n t s .  

The most commonly used  s t a t i s t i c a l  approach  f o r  
d e t e r m i n i n g  t h e  a p p r o p r i a t e  t y p e  of d i s t r i b u t i o n  ( e . g . ,  normal 
d i s t r i b u t i o n )  i s  t o  p l o t  t h e  o b s e r v e d  s t a t i s t i c a l  e m p i r i c a l  d i s -  
t r i b u t i o n  on p r o b a b i l i t y  pape r .  ( P r o b a b i l i t y  p a p e r  i s  s c a l e d  s o  
t h a t  i f  t h e r e  were no random f l u c t u a t i o n s  t h e  o b s e r v a t i o n s  would 
l i e  on a s t r a i g h t  l i n e . )  I m p l i c i t  i n  t h i s  p rocedure  are t h e  f o l -  
lowing  th ree  a s sumpt ions :  

i. t h e  o b s e r v a t i o n s  a re  m u t u a l l y  independen t ,  

ii. t h e y  a r e  i d e n t i c a l l y  d i s t r i b u t e d ,  and 

iii, t h e  d i s t r i b u t i o n  i s  n o t  t r u n c a t e d .  

A c t u a l l y ,  none o f  t h e s e  c o n d i t i o n s  are f u l l y  m e t  i n  
t h e  p r e s e n t  s i t u a b i o n .  R e  ( i ) ,  t h e  p r e s e n c e  o f  c l u s t e r i n g  
( see  3.1)  i m p l i e s  t h a t  even t s  w i t h i n  a c l u s t e r  are n o t  indepen-  
d e n t .  R e  ( ii),  t h e  annua l  v a r i a t i o n  i n  a c t i v i t y  i n  acco rdance  
w i t h  t h e  s o l a r  c y c l e  i m p l i e s  t h a t  t h e  i n d i v i d u a l  e v e n t s  are  n o t  
from i d e n t i c a l  p o p u l a t i o n s .  R e  ( iii),  as d i s c u s s e d  i n  s e c t i o n  2 ,  
(Webber) e v e n t s  w i t h  30 Mev f l u x  l e s s  t h a n  1 0 6  protons/cm2 are 
o r d i n a r i l y  not  d e t e c t e d  ( f o r  1 9 6 0  less  t h a n  4 x 1 0 5 ) .  There i s  
a l s o  a d d i t i o n a l  u n c e r t a i n t y  r e g a r d i n g  t h e  c a l i b r a t i o n  o f  t h e  
B a i l e y  e v e n t s  . 

I n  s p i t e  of  t h e  q u e s t i o n a b l e  v a l i d i t y ,  i t  may 
n o n e t h e l e s s  b e  u s e f u l  t o  combine a l l  t h e  i n d i v i d u a l  e v e n t s  and 
examine t h e  r e s u l t i n g  p r o b a b i l i t y  d i s t r i b u t i o n  o f  f l u x e s .  It 
seems p r e f e r a b l e  t o  work w i t h  t h e  r e l a t i v e  p r o b a b i l i t y  d e n s i t y  
d i s t r i b u t i o n  ra ther  t h a n  t h e  i n t e g r a t e d  cumula t ive  d i s t r i b u t i o n .  
Besides e l i m i n a t i n g  t h e  t r u n c a t i o n  problem, t h e  d e n s i t y  a c t u a l l y  
c o n s t i t u t e s  a more s e n s i t i v e  r e p r e s e n t a t i o n  s i n c e  any p e c u l i a r -  
i t i e s  i n  t h e  d i s t r i b u t i o n  are n o t  as l i k e l y  t o  be smoothed o u t .  
On t h e  o t h e r  hand,  i t  has t h e  d i s a d v a n t a g e  o f  i n h e r e n t l y  pro-  
v i d i n g  less  smoothing o f  t h e  random f luc tua t ions - - smoo th ing  i s  
accompl ished  by  u s i n g  a s u f f i c i e n t l y  l a r g e  c l a s s  i n t e r v a l  s i z e  
when p l o t t i n g  t h e  e m p i r i c a l  d e n s i t y .  

The f o l l o w i n g  a n a l y s i s  c o n s i d e r s  separately t h e  
i n d i v i d u a l  e v e n t s  and t h e  c l u s t e r s  o f  e v e n t s ,  b o t h  f o r  t h e  
30 Mev and t h e  1 0 0  Mev data .  
r a t i o n a l e  f o r  which have been p r e v i o u s l y  d i s c u s s e d ,  a re :  

The p r i n c i p a l  a s sumpt ions ,  t h e  

i. The 30 Mev f l u x  f o r  B a i l e y  e v e n t s  are r educed  by a 
f a c t o r  o f  100. 

ii. Miss ing  1 0 0  MeV f l u x e s  a re  estimated t o  be 1 / 1 0  t h e  
30 Mev f l u x .  
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iii. S u c c e s s i v e  e v e n t s  o c c u r r i n g  w i t h i n  seven  days  are 
assumed t o  form p a r t  o f  a c l u s t e r ,  p rov ided  a l s o  t ha t  
t h e y  a r i s e  from t h e  same s o l a r  geograph ic  r e g i o n .  

The data are p l o t t e d  i n  f i g u r e s  4 t o  7 .  The o b s e r v e d  
f l u x e s  f o r  i n d i v i d u a l  e v e n t s  o r  c l u s t e r s  (shown a t  t h e  bot tom o f  
each  f i g u r e )  have  been  d i v i d e d  i n t o  i n t e r v a l s - - s e l e c t e d  where t h e  
gaps  between o b s e r v a t i o n s  were la rges t - -which  t h e n  form t h e  e s t i -  
mate o f  t h e  e m p i r i c a l  d e n s i t y .  Also shown are t h e  f i t s  o b t a i n e d  
f o r  d i f f e r e n t  t y p e s  o f  d i s t r i b u t i  ns--uniform, l i n e a r ,  and normal 
( t h e  normal f o r  30 Mev o n l y ) . *  x9 v a l u e s  which measure goodness  
of f i t ,  t o g e t h e r  w i t h  t h e  a s s o c i a t e d  p r o b a b i l i t i e s ,  have been  
computed f o r  each  o f  t h e  f i ts .** The r e s u l t s  are  summarized i n  
Table 4 .  

*The l i n e a r  d e n s i t y  was f i t  b y  e y e ,  and t h e  normal  d e n s i t y  
u s i n g  t h e  formulas  g i v e n  i n  r e f e r e n c e  8 f o r  t h e  t r u n c a t e d  normal  
d i s t r i b u t i o n .  F o r  s i m p l i c i t y ,  t h e  sum and sum o f  s q u a r e s ,  needed 
t o  estimate p a r a m e t e r s ,  were c a l c u l a t e d  from t h e  grouped data. 

**x2 i s  c a l c u l a t e d  from t h e  well-known e x p r e s s i o n  
k 2 

( oi-Ei 

Ei 
x2 = 5- 

L J  

i=l 

where k = t o t a l  number o f  i n t e r v a l s  used  t o  de t e rmine  t h e  
e m p i r i c a l  d e n s i t y  

i n t e r v a l  
t h  

= observed  number o f  e v e n t s  ( o r  c l u s t e r s )  i n  t h e  i 

= expec ted  number o f  e v e n t s  t h a t  would o c c u r  i n  t h e  i t h  
i n t e r v a l  u s i n g  t h e  b e s t  e s t i m a t e s  o f  t h e  p a r a m e t e r s  
of  t h e  d i s t r i b u t i o n  

O i  

Ei 

 he p r o b a b i i i t y  associated with x 2  c o r r e s p o n d s  t o  t h e  p r o b a b i i i t y  
that  random sampl ing  f l u c t u a t i o n s  a l o n e  would lead t o  t h e  v a l u e  o f  
x2 ( o r  l a r g e r )  c a l c u l a t e d  from t h e  obse rved  data,  p r o v i d e d  t h a t  t h e  
d i s t r i b u t i o n  model assumed were a c t u a l l y  t h e  c o r r e c t  one.  The 
smaller t h e  p r o b a b i l i t y ,  t h e  l e s s  c o n f i d e n c e  one would p l a c e  i n  t h e  
model. The number of  deg rees  o f  freedom t o  u s e  i n  d e t e r m i n i n g  t h e  
x2 p r o b a b i l i t y  e q u a l s  t h e  number o f  i n t e r v a l s  k less  t h e  number 
of pa rame te r s  f i t t e d  l e s s  one ( f o r  n o r m a l i z a t i o n ) .  It i s  u s e f u l  
t o  n o t e  t h a t  t h e  ave rage  va lue  o f  x2 w i t h  n d e g r e e s  o f  freedom i s  
n and  t h e  s t a n d a r d  d e v i a t i o n  i s  (21-11~1~.  It s h o u l d  be  n o t e d  t h a t  
t h e  method used  t o  s e l e c t  t h e  i n t e r v a l s  amounts t o  a smoothing 

p r o b a b i l i t i e s .  
* o p e r a t i o n  which b i a s e s  downward t h e  x2 v a l u e s  and i n c r e a s e s  t h e  
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The most s t r i k i n g  c h a r a c t e r i s t i c  o f  t h e  d i s t r i b u t i o n  
of i n d i v i d u a l  e v e n t s  f o r  30 Mev ( F i g u r e  4 )  i s  t h e  bunching  of 
ve ry  l a r g e  e v e n t s .  T h i s  shows up as a s h a r p  i n c r e a s e  i n  t h e  
d e n s i t y  w i t h  a sudden f a l l  o f f  t o  z e r o ,  and s t r o n g l y  s u g g e s t s  
t h e  p r e s e n c e  o f  a maximum c u t o f f  f l u x  f o r  i n d i v i d u a l  e v e n t s .  
The x2 c a l c u l a t i o n s  t e n d  t o  s u p p o r t  t h i s .  The uni form d i s t r i -  
b u t i o n  g i v e s  t h e  b e s t  f i t ,  s o l e l y  bec  u e o f  t h e  s h a r p  c u t o f f .  
The l i n e a r  d e n s i t y  w i t h  c u t o f f  a t  1 0  18-1 f i t s  w e l l  e x c e p t  a t  
t h e  t a i l s .  I n  f a c t ,  when t h e  l a s t  two c l a s s  i n t e r v a l s  a re  com- 
bined--whicg i s  e q u i v a l e n t  t o  assumi 
a l l  n e a r  10 , t o  b e  s p r e a d  o u t  t o  1 0  'E*k-- t h e  ~2 p r o b a b i l i t y  
i n c r e a s e s  from . 2 2  t o  .996.  T h i s  r e s u l t  l e n d s  f u r t h e r  s u p p o r t  
t o  t h e  n o t i o n  o f  a s h a r p  c u t o f f  f l u x .  A s imi la r  r e s u l t  o c c u r s  
f o r  t h e  t r u n c a t e d  normal d i s t r i b u t i o n ,  a l t h o u g h  t h e  f i t  i s  n o t  
as good as f o r  t h e  l i n e a r  d e n s i t y .  

he  seven  l a r g e s t  e v e n t s ,  

If one examines c l u s t e r s  i n s t e a d  o f  i n d i v i d u a l  e v e n t s  
( F i g u r e  51, t h e  e f f e c t  is  t o  s p r e a d  o u t  t h e  large e v e n t s  s o  
t ha t  t h e  s h a r p  c u t o f f  i s  no l o n g e r  e v i d e n t .  The l i n e a r  f i t  
( w i t h  c u t o f f  a t  1 0 1 ° - 6 )  i s  q u i t e  good and s l i g h t l y  b e t t e r  t h a n  
t h e  normal.  

The 1 0 0  Mev p l o t s  ( F i g u r e s  6 and 7 )  do n o t  p r e s e n t  
t h e  same p i c t u r e  as t h e  30 Mev p l o t s .  The data are s e e n  t o  be  
q u i t e  e r r a t i c .  The uni form d e n s i t y  f i t s  v e r y  b a d l y  and t h e  
l i n e a r  d e n s i t y  i s  ra ther  poor ,  due p r i m a r i l y  t o  t h e  large gap  
between t h e  i n t e r m e d i a t e  and t h e  ve ry  l a r g e  e v e n t s .  I n  c o n t r a s t  
t o  t h e  30 Mev p l o t s ,  f o r  l a r g e  f l u x e s  t h e  d e n s i t y  f a l l s  o f f  more 
g r a d u a l l y  f o r  i n d i v i d u a l  e v e n t s  ( F i g u r e  6 )  t h a n  f o r  c l u s t e r s  
( F i g u r e  7 ) .  

I n  summary, a l though  t h e  30 Mev data l e n d  c o n s i d e r a b l e  
s u p p o r t  t o  t h e  n o t i o n  o f  a maximum c u t o f f  f l u x  f o r  i n d i v i d u a l  
e v e n t s ,  t h i s  c o n c l u s i o n  i s  not  f u l l y  c o r r o b o r a t e d  by t h e  1 0 0  Mev 
data.  If t h e  data from t h e  t w e n t i e t h  s o l a r  c y c l e  t u r n s  o u t  t o  
b e  o f  s u f f i c i e n t l y  good q u a l i t y ,  it s h o u l d  be  p o s s i b l e  t o  r e s o l v e  
t h i s  i m p o r t a n t  p o i n t .  

p l a u s i b l y  be  c o n s i d e r e d  as e x t r e m a l  i n  n a t u r e ,  some remarks may 
be  a p p r o p r i a t e  r e g a r d i n g  t h e  u s e  o f  an ex t reme v a l u e  d i s t r i b u t i o n  
f o r  t h e  data. There  a r e  a c t u a l l y  t h ree  d i f f e r e n t  t y p e s  o f  asymp- 
t o t i c  ( l a r g e s t )  e x t r e m a l  d i s t r i b u t i o n s ,  depending  upon whether 
t h e  t a i l  o f  t h e  o r i g i n a l  random d i s t r i b u t i o n  ( f rom which t h e  
ex t r emes  are t a k e n )  : (I) f a l l s  o f f  a t  an  e x p o n e n t i a l  r a t e  o r  
fas te r ,  (11) f a l l s  o f f  a t  a ra te  s lower  t h a n  e x p o n e n t i a l ,  o r  
(111) has a f i n i t e  c u t o f f  va lue .*  

S i n c e  t h e  phenomenon u n d e r l y i n g  s o l a r  e v e n t s  c a n  

*References  9 and 10 p r e s e n t  a good e x p o s i t i o n  o f  t h e  
t h e o r y  o f  extreme v a l u e  d i s t r i b u t i o n s .  
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Types I and I1 a r e  two parameter  d i s t r i b u t i o n s  ( n e i t h e r  
one a c u t o f f  p a r a m e t e r ) ,  and i t  i s  guessed  t h a t  t h e  data  would 
f i t  about  as w e l l  as f o r  t h e  normal d i s t r i b u t i o n .  The t y p e  I11 
d i s t r i b u t i o n  has t h r e e  parameters, one b e i n g  a c u t o f f  parameter, 
and might be expec ted  t o  g ive  b e t t e r  r e s u l t s .  U n f o r t u n a t e l y ,  
s t a t i s t i c a l  p rocedures  f o r  e s t i m a t i n g  t h e  parameters o f  t r u n -  
c a t e d  extrema1 d i s t r i b u t i o n s  have n o t  been developed.  Even f o r  
t h e  non- t runca ted  c a s e ,  only ad hoc non-optimal p rocedures  are 
a v a i l a b l e .  A p r e l i m i n a r y  a n a l y s i s  o f  what i s  b e l i e v e d  t o  be an 
op t ima l  e s t i m a t i o n  procedure i s  p r e s e n t e d  i n  s e c t i o n  A 5 o f  t h e  
appendix.  

The appendix d i s c u s s e s  t h e  g e n e r a l  s t a t i s t i c a l  problem 
o f  de t e rmin ing  conf idence  l i m i t s ,  u s i n g  t h e  concept  o f  conf idence  
d i s t r i b u t i o n .  The approach i s  e s s e n t i a l l y  e q u i v a l e n t  t o ,  b u t  
s i m p l e r  and more g e n e r a l  t h a n ,  t h e  c l a s s i c a l  s t a t i s t i c a l  method. 
The uniform,  normal ,  and t y p e  I11 extreme v a l u e  d i s t r i b u t i o n s  
are  d i s c u s s e d ,  and numerical  c a l c u l a t i o n s  o f  conf idence  l i m i t s  
a re  p r e s e n t e d ,  when t h e  even t s  can  b e  assumed t o  be  uni formly  
d i s t r i b u t e d .  

I V .  SUMMARY AND CONCLUSIONS 

1. 

2. 

3 .  

4.  

S t a t i s t i c a l l y  t h e  data on s o l a r  p r o t o n  e v e n t s  i s  o f  
poor  q u a l i t y ,  e x h i b i t i n g  many i n t e r n a l  i n c o n s i s t e n c i e s .  
Consequent ly ,  none of t h e  u s u a l  e m p i r i c a l  p r o b a b i l i t y  
d i s t r i b u t i o n s  can be c o n f i d e n t l y  used  as a basis f o r  
e x t r a p o l a t i o n  t o  high p r o b a b i l i t i e s .  

Fo r  i n d i v i d u a l  e v e n t s ,  t h e  f a c t  t h a t  a l l  o f  t h e  largest 
e v e n t s  had approximate ly  t h e  same f l u x  ( f o r  e n e r g i e s  
> 30 M e V )  s u g g e s t s  t h a t  a maximum c u t o f f  f l u x  may w e l l  
e x i s t .  However, t h i s  conc lus ion  i s  n e i t h e r  confirmed 
o r  r e j e c t e d  b y  t h e  more e r r a t i c  f l u x  data f o r  energies 
> 1 0 0  MeV. 

There i s  a pronounced tendency f o r  e v e n t s  t o  c l u s t e r .  
T h i s  e f f e c t  was m o s t  s i g n i f i c a n t  a t  t h e  peak o f  t h e  
s o l a r  c y c l e  where t h ree  very  large e v e n t s  o c c u r r e d  w i t h i n  
s i x  days.  T h i s  c l u s t e r i n g  e f f e c t  may b e  an  impor t an t  
f a c t o r  t o  c o n s i d e r  i n  e s t i m a t i n g  maximum s h o r t - t i m e  doses .  

The t o t a l  annua l  f l u x  appears t o  be  i n  b a s i c  agreement  
w i t h  t h e  v a r i a t i o n  i n  sunspot  a c t i v i t y  d u r i n g  t h e  e l e v e n  
year s o l a r  c y c l e .  T h i s  i m p l i e s  t h a t  t h e  cumula t ive  f l u x  
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encoun te red  d u r i n g  any p a r t i c u l a r  m i s s i o n  w i l l  depend 
on what p o r t i o n  o f  t h e  s o l a r  c y c l e  i s  encompassed. 
S t a t i s t i c a l  p r e d i c t i o n  f o r  cumula t ive  f l u x  shou ld  p re -  
f e r a b l y  b e  d e r i v e d  from a d e t a i l e d  t i m e  series a n a l y s i s  
o f  h i s t o r i c a l  data  on s u n s p o t s  and s o l a r  f l a r e s ,  i n  
combinat ion w i t h  e x t r a p o l a t i o n  of s o l a r  a c t i v i t y  l e v e l s  
f o r  t h e  q u i e t e r  y e a r s  (1965-67) o f  t h e  p r e s e n t  c y c l e .  

5. I n  o r d e r  to e n s u r e  t h a t  t h e  data on p r o t o n  e v e n t s  f o r  
t h e  t w e n t i e t h  ( c u r r e n t )  s o l a r  c y c l e  w i l l  s a t i s f y  minimum 
requ i r emen t s  f o r  v a l i d  s t a t i s t i c a l  p r e d i c t i o n s ,  i t  i s  
e s s e n t i a l  t h a t  d a t a  g a t h e r i n g  b e  c o n t r o l l e d  i n  accordance  
w i t h  accep ted  p r i n c i p l e s  o f  s t a t i s t i c a l  d e s i g n  o f  e x p e r i -  
ments.  The recommendations f o r  r a d i a t i o n  m o n i t o r i n g  made 
b y  t h e  Working Group on R a d i a t i o n  Problems of  t h e  N a t i o n a l  
Academy o f  Sc iences /Na t iona l  Research Counci l  do no t  
appear t o  be  s u f f i c i e n t l y  comprehensive.  The r e p o r t  s t a t e s  
t h a t  "Knowledge o f  t h e  p h y s i c a l  c h a r a c t e r i s t i c s  o f  t h e  
r a d i a t i o n  environments .  . . i s  n o t  immediately a p p l i c a b l e  
t o  r a d i a t i o n  moni tor ing .  Such i n f o r m a t i o n ,  t h e r e f o r e ,  
shou ld  b e  g a t h e r e d  and t r e a t e d  s e p a r a t e l y  from t h e  pro- 
blem of  crew safety."  S t a t i s t i c a l l y ,  i t  i s  b e l i e v e d  
e s s e n t i a l  t h a t  t h e  l i n k  between p h y s i c a l  c h a r a c t e r i s t i c s  
and dosage b e  made as s t r o n g  as p o s s i b l e .  Moreover, t h e  
l i n k  shou ld  be  ex tended  t o  i n c l u d e  d i f f e r e n t  t y p e s  of  
ground-based and s a t e l l i t e  o b s e r v a t i o n s .  More g e n e r a l l y ,  
i f  t h e  s t a t i s t i c a l  p o i n t  o f  view i s  t o  b e  adequa te ly  re-  
f l e c t e d  i n  t h e  c u r r e n t  program on s o l a r  r a d i a t i o n ,  i t  i s  
recommended t h a t  expe r i enced  s t a t i s t i c i a n s  be d i r e c t l y  
i n v o l v e d  d u r i n g  t h e  f o r m a t i v e  p l a n n i n g  phases. 

6 .  Development o f  a p p r o p r i a t e  s t a t i s t i c a l  methods of  
a n a l y s i s - - i n c l u d i n g  goodness o f  f i t ,  e s t i m a t i o n ,  pre-  
d i c t i o n ,  and conf idence  l imi t s - - can  b e  expec ted  t o  pose 
major  problems i n  a n a l y s i s .  The v a r i e d  s o l a r  phenomenon 
shou ld  p r e f e r a b l y  b e  t r e a t e d  w i t h i n  an o v e r a l l  s t o c h a s t i c  
p r o c e s s  framework. It i s  l i k e l y  t h a t  a f a i r l y  complex 
s t a t i s t i c a l  model w i l l  need t o  be employed i n  o r d e r  to 
r e f l e c t  t h e  v a r i e t y  o f  q u a l i t a t i v e  s t a t i s t i c a l  c h a r a c t e r -  
i s t i c s  t h a t  have been p o i n t e d  ou t  i n  t h e  p r e v i o u s  a n a l y s i s .  

1033-PG-jr P .  Gunther 
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APPENDIX 

STATISTICAL CONFIDENCE DISTRIBUTIONS* 

A . l  B a s i c  Approach 

L e t  x = (xl, * * * ,  x n >  be  a n  obse rved  sample ( n o t  
n e c e s s a r i l y  i n d e p e n d e n t l y  o r  i d e n t i c a l l y  d i s t r i b u t e d )  w i t h  
p r o b a b i l i t y  d e n s i t y  f(x/e) depending upon an unknown pa rame te r  
e.  Suppose f u r t h e r  tha t  8 h a s  a n  a p r i o r i  d i s t r i b u t i o n  f ( e ) .  
The c o n f i d e n c e  d e n s i t y  d i s t r i b u t i o n  f ( e / x )  i s  t h e n  d e f i n e d  by  
Bayes formula  

- 

- 

I n  t h e  i m p o r t a n t  s p e c i a l  c a s e  where e i s  a l o c a t i o n  pa rame te r  
f o r  x, i f  one assumes f ( e >  = K ( a n  a r b i t r a r y  c o n s t a n t  which 
c a n c e l s  from numera tor  and denominator  i n  (111, t h e n  f o r  a 
wide c l a s s  o f  d i s t r i b u t i o n s ,  t h e  i n f e r e n c e s  o b t a i n e d  from (1) 
are  i d e n t i c a l  w i t h  t h o s e  us ing  c l a s s i c a l  methods.  A d i s c u s s i o n  
o f  t h e  r e l a t i o n  t o  t h e  c l a s s i c a l  approach  i s  g i v e n  i n  r e f e r e n c e  
1 2 .  (See  a l s o  r e f e r e n c e  1 3 . )  

If e i s  a s c a l e  pa rame te r  f o r  5 ,  s i n c e  l o g  e i s  t h e n  
a l o c a t i o n  parameter f o r  l o g  5 ,  it f o l l o w s  t h a t  t h e  a p p r o p r i a t e  
a p r i o r i  d i s t r i b u t i o n  f o r  8 i s  f ( e )  = K / 8 .  

If x i s  a s c a l a r  x ( t h i s  i n c l u d e s  t h e  c a s e  where a 
s c a l a r  s u f f i c T e n t  s t a t i s t i c * *  f o r  8 e x i s t s ) ,  t h e n  i f  0 i s  a l o c a -  
t i n n  paramete r  f o r  x, one has  

*The o r i g i n  o f  t h e  i d e a s  employed h e r e  i s  g e n e r a l l y  c red-  
i t e d  t o  H. J e f f r e y s .  

**A s u f f i c i e n t  s t a t i s t i c  f o r  a g i v e n  f a m i l y  o f  d i s t r i b u t i o n s  
w i t h  unknown p a r a m e t e r s  i s  a f u n c t i o n  which c o n t r a c t s  t h e  observa-  
t i o n s  w i t h o u t  l o s s  o f  i n f o r m a t i o n  r e g a r d i n g  t h e  pa rame te r s .  
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Here f ( x / e )  i s  cons ide red  as a n  o r d i n a r y  f u n c t i o n  o f  t h e  two 
v a r i a b l e s  x and 8. F o r  t h e  cumula t ive  d i s t r i b u t i o n  one ge ts  

When e i s  a s c a l e  parameter, ( 3 )  remains  unchanged, w h i l e  ( 2 )  
r e q u i r e s  a t r i v i a l  m o d i f i c a t i o n .  

A.  2 Uniform D i s t r i b u t i o n  

L e t  - x = ( x ~ ,  * * e ,  xn)  b e  a random sample from a uni -  
form p o p u l a t i o n  r a n g i n g  from 0 t o  e. I n  t h i s  c a s e  0 i s  
s i m u l t a n e o u s l y  a s c a l e  and a c u t o f f  parameter. 
s u f f i c i e n t  s t a t i s t i c "  f o r  8. 
t r i b u t e d ,  it f o l l o w s  tha t  t h e  d i s t r i b u t i o n  o f  xmax i s  g i v e n  by  

xmax i s  a 
S i n c e  each  xi i s  uni formly  d i s -  

... S X  g i v e n  t h e  c u t o f f  8 )  F(xmax/O) Prob(xl  s xmax, 
9 *n max 

The d e n s i t y  i s  

n-1 
max n x  

L e  f (xmax/e)  = 
9 0 5 Xmax en  

( 4 )  

* A  s u f f i c i e n t  s t a t i s t i c  f o r  a g i v e n  f a m i l y  o f  d i s t r i b u t i o n s  
w i t h  unknown parameters i s  a f u n c t i o n  which c o n t r a c t s  t h e  observa-  
t i o n s  wi thou t  l o s s  o f  i n f o r m a t i o n  r e g a r d i n g  t h e  parameters. 
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Using f ( 9 )  = K/9 (e > O ) ,  s i n c e  

J'O 

t h e  conf idence  d e n s i t y  d i s t r i b u t i o n  f o r  8 i s  t h e n ,  by (l), 

n 
max n x  

e max f(9/xmax) = n + l  9 9 ' x 

e 
and t h e  cumula t ive  conf idence  d i s t r i b u t i o n  F( e/x) - =i, f ( e / x ) d e  
i s  

i n  agreement w i t h  ( 3 ) .  This imp l i e s  t h a t  t h e  conf idence  l i m i t  
f o r  s p e c i f i e d  P i s  g i v e n  by 

- 1 
e P  = ( l - P ) Z * x  rnax 

S i n c e  t h i s  e q u a t i o n  r e l a t e s  t o  t h e  c u t o f f  v a l u e ,  t h e  a p p r o p r i a t e  
s t a t i s t i c a l  i n t e p r e t a t i o n  i s  t ha t  t h e  conf idence  i s  P t h a t  100% 
of t h e  o b s e r v a t i o n s  w i l l  b e  less t h a n  eP.  

It i s  convenient  t o  d e f i n e  A F  as t h e  p e r c e n t a g e  in-  
c r e a s e  i n  xmax r e q u i r e d  t o  p rov ide  a conf idence  o f  P ,  i . e . ,  

- ' ~ - ~ m a x  
X max A P  - ( 9 )  
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Then ( 8 )  can  be  w r i t t e n  as 

- A 4  - 

If n > >  ln(l-P)-’ ,  t h e  f i r s t  t e r m  i n  t h e  expans ion  o f  (10) g i v e s  

1 1 A p  2 - In  - n 1- P 

s o  t h a t  A p  i s  approximate ly  i n v e r s e l y  p r o p o r t i o n a l  t o  n. 
n = 24 and P = . 9 9 ,  t h e  approximate  v a l u e  from (11) i s  .192 
compared w i t h  t h e  e x a c t  va lue  of  , 2 1 2 ;  f o r  n = 24 and P = .go, 
t h e  approximate  and e x a c t  v a l u e s  are  .lo1 and .104, r e s p e c t i v e -  
l y .  F i g u r e  8 p l o t s  A p  i n  e q u a t i o n  ( 1 0 )  v s .  n f o r  P =  .go, .95, 
and . 9 9 .  

For 

The above r e s u l t s  can  be  immediately g e n e r a l i z e d  t o  
a n  a r b i t r a r y  cumula t ive  d i s t r i b u t i o n  F ( x / e )  which i s  known 
e x c e p t  f o r  t h e  (maximum f i n i t e )  c u t o f f  v a l u e  8. The p r o b a b i l -  
i t y  t r a n s f o r m a t i o n  ( a p p l i e d  t o  b o t h  x and 8) can  b e  used  t o  
t r a n s f o r m  x t o  a uniform d i s t r i b u t i o n .  
i s  a s u f f i c i e n t  s t a t i s t i c  f o r  8 and t h e  conf idence  d i s t r i b u t 2 o n  
i s  

It f o l l o w s  t h a t  xmax 

A. 3 Trunca ted  D i s t r i b u t i o n s  

The s u b s c r i p t  T w i l l  d e n o t e  t r u n c a t i o n ,  w i t h  xT b e i n g  
t h e  (known, l e f t )  t r u n c a t i o n  p o i n t .  
r e p r e s e n t  t h e  t r u n c a t e d  p d f and c d f o f  x ,  t h e n  

L e t t i n g  f T ( x )  and FT(x )  
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I n  t h e  s p e c i a l  c a s e  t h a t  x is  uni formly  d i s t r i b u t e d  w i t h  c u t o f f  
0 and t r u n c a t i o n  p o i n t  xT c 0 ,  one gets  

x/e - x,/e x - xrl.l 

Hence, x i s  uni formly  d i s t r i b u t e d  between xT and 0 ,  which f a c t  
i s  obvious  i n t u i t i v e l y .  E q u i v a l e n t l y ,  t h e  reduced  v a l u e s  
Yi = x i  - xT are uni formly  d i s t r i b u t e d  between 0 and 0 = 0 - xT. 

Also Ymax max 
i s  s u f f i c i e n t  f o r  8 .  

= x  - xT is  a s u f f i c i e n t  s t a t i s t i c  f o r  4 ,  and xmax 
The d e n s i t y  of xmax i s  g i v e n  b y  

n-1 - X T )  
< e  (17 )  / e )  = n f ~ (  Xmax ( e  - x,) 

( 7 )  and ( 8 )  are s i m i l a r l y  m o d i f i e d ,  w i t h  t h e  conf idence  formula  
becoming 

F i g u r e  8 i s  a p p l i c a b l e  t o  t h e  p r e s e n t  c a s e  w i t h  A p  i n  ( 9 )  now 
d e f i n e d  as 
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A s  a numer i ca l  example, e q u a t i o n  (18) i s  a p p l i e d  t o  
t h e  f l u x  data under  t h e  assumption tha t  l o g  f l u x  ( i . e . ,  l o g  N=x) 
i s  uni formly  d i s t r i b u t e d  w i t h  a f i n i t e  b u t  unknown c u t o f f  8 .  
The conf idence  l i m i t s  f o r  c u t o f f  f l u x  are shown i n  T a b l e  5 f o r  
t h e  f o u r  c a s e s  t r e a t e d  i n  s e c t i o n  3.4,  and f o r  s e v e r a l  c h o i c e s  
of t r u n c a t i o n  p o i n t  NT,  number n o f  o b s e r v a t i o n s ,  and c o n f i d e n c e  
P .  Regarding t h e  c h o i c e  of  n ,  a d i f f i c u l t y  a r i ses  because  t h e  
observed  f l u x e s  w i t h i n  a c l u s t e r  a r e  n o t  i ndependen t .  (Equa t ion  
( 3 a )  used i n  d e r i v i n g  (81 ,  r e q u i r e s  independence . )  Three  d i f -  
f e r e n t  c r i t e r i a  have been used: ( i )  each  e v e n t  i n  a c l u s t e r  i s  
counted  as a s i n g l e  o b s e r v a t i o n ,  (ii) each  e v e n t  i n  a c l u s t e r  
i s  counted  as 1 / 2  o b s e r v a t i o n ,  and (iii) each  c l u s t e r  i s  coun ted  
as one o b s e r v a t i o n .  

Regarding the  choice  o f  t r u n c a t i o n  p o i n t ,  t h e  uni form 
d i s t r i b u t i o n  i n v a r i a b l y  provided  a be t te r  f i t  when t h e  small 
and medium s i z e  e v e n t s  were n o t  i n c l u d e d .  Hence, i n  a d d i t i o n  
t o  t h e  t r u n c a t i o n  p o i n t s  used i n  f i t t i n g  t h e  d i s t r i b u t i o n s  i n  
F i g u r e s  4-7, a second v a l u e  i s  used  i n  T a b l e  5 co r re spond ing  t o  
t h e  p o i n t  where a sha rp  drop i n  t h e , e m p i r i c a l  d e n s i t y  o c c u r s .  
F i n a l l y ,  two conf idence  p r o b a b i l i t i e s ,  90% and 95%, are cons id-  
e red .  The P% conf idence  estimate o f  c u t o f f  f l u x ,  N p ,  is: s i m p l y  

0 1 0  P ,  where B P  i s  g i v e n  by  ( 1 8 ) .  

A . 4  Confidence D i s t r i b u t i o n  for t h e  P t h  P e r c e n t i l e  o f  a 
Normal D i s t r i b u t i o n  

The P t h  p e r c e n t i l e  S p  of  a normal d i s t r i b u t i o n  can be 
w r i t t e n  as 

where up i s  t h e  P t h  p e r c e n t i l e  of t h e  u n i t  ( n o r m a l i z e d )  normal  
d i s t r i b u t i o n ,  e .g . ,  u = 2 .326  f o r  P = 99%. I f  t h e  c o n f i d e n c e  
d i s t r i b u t i o n  f o r  IJ and u a r e  g i v e n ,  s a y  from sample o b s e r v a t i o n s ,  
i t  i s  des i red  t o  obttain t h e  c o n f i d e n c e  d i s t r i b u t i o n  o f  5 

P 

P' 
We suppose  t h a t  t h e  sample mean x i s  normal ly  d i s t r i -  

b u t e d  about  1-1 w i t h  v a r i a n c e  u 2 /n,  and t h a t  s2/cr2 has t h e  x 2 
d i s t r i b u t i o n  w i t h  v degrees o f  freedom, independen t  o f  t h e  
d i s t r i b u t i o n  of si. 
e q u a l  t o  n-1 . )  
i s  t h e  u s u a l  p roduc t  of t h e  normal and x 2  d i s t r i b u t i o n s .  

(Except  i n  s p e c i a l  c a s e s ,  v i s  o r d i n a r i l y  
The j o i n t  conf idence  d i s t r i b u t i o n  of p and u 

Making 
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t h e  s u b s t i t u t i o n  (201, one g e t s  

---$ n Sp-UpU-X) - 2  
1 /2  -le 20 f(Sp,o/x,s) = ($-I U 

T h i s  can be  s i m p l i f i e d  by l e t t i n g  

= s/a , o  - < z < 03 

Equa t ion  ( 2 1 )  t h e n  becomes 

1 c -- 
d t d z  2 e-z / 2  z w - l  ( 2 d  

The d e n s i t y  o f  t i s  o b t a i n e d  by i n t e g r a t i n g  ou t  z ,  i . e . ,  

f "  
I 

f ( t )  = I  f ( t ,  z ) d z  
j 0  

and t h e  cumula t ive  d i s t r i b u t i o n  i s  

( 2 4 )  
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We w r i t e  t h e  normal pdf and cdf a s  

Note t h a t  

S u b s t i t u t i n g  (24) and ( 2 9 )  i n t o  ( 2 6 )  and i n t e r c h a n g i n g  t h e  o r d e r  
o f  i n t e g r a t i o n  g i v e s  

Using (221, one can  t h e n  easily o b t a i n  t h e  conf idence  d i s t r i b u t i o n  
o f  

= t  s p = x + -  
- 

hi7 

Equa t ion  ( 3 0 )  i s  r ecogn ized  as 
t r i b u t i o n  with v deg rees  pf freedom and 

(31) 

t h e  non-cen t r a l  t d i s -  
n o n - c e n t r a l i t y  parameter 

up&?. 
i c a l  v a l u e s . )  

(See  r e f e r e n c e  ( 1 4 )  f o r  t h e  formula and a table of  nwner- 
Let  t b e  t h e  v a l u e  of t co r re spond ing  t o  

c o n f i d e n c e  y, i . e . ,  Y 
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Note tha t  t 
estimate o f  e,, s a y  

depends upon v and u,fi .  Then t h e  y conf idence  
Y 

i s ,  from (311, 

where 
1 
2 

-- 
kp,Y = t y ( n u )  

14 The above r e s u l t  is i d e n t i c a l  w i t h  t h e  c l a s s i c a l  s o l u -  
The d e r i v a t i o n  g iven  can be  ex tended  w i t h o u t  d i f f i c u l t y  t i o n .  

t o  t h e  c a s e  of a t r u n c a t e d  normal d i s t r i b u t i o n .  
r e s u l t i n g  d i s t r i b u t i o n  i s  not t a b u l a t e d  and would have t o  be 
e v a l u a t e d  n u m e r i c a l l y .  

However, t h e  

A . 5  Type I11 Extreme Value D i s t r i b u t i o n  

It i s  assumed tha t  t h e  random v a r i a b l e  x has c d f and 
p d f g i v e n  by 

k -a (e-x) F ( z )  = e (33) 

k-le-a(e-x) k 
f ( x )  = ka(8-x) ,- 00 < x < e .  (34) 

We c o n s i d e r  f irst  t h e  s p e c i a l  c a s e  where k i s  known t o  be 
u n i t y ,  i . e . ,  

Although t h e  d e n s i t y  i s  e x p o n e n t i a l  i n c r e a s i n g  up t o  t h e  c u t o f f  
8, and hence would not  b e  used f o r  s o l a r  e v e n t s ,  t he  mathemati-  
c a l  s o l u t i o n  i s  i n s t r u c t i v e  s i n c e  it t u r n s  o u t  t o  be comple t e ly  
ana logous  t o  t h e  cor responding  problem f o r  t h e  normal 
d i s t r i b u t i o n .  
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The j o i n t  d i s t r i b u t i o n  of t h e  random sample 
- x = (ICl, ... , X n )  i s  

= max x and i s  t h e  i' where f o r  b r e v i t y  w e  w r i t e  x f o r  x 
sample mean n - l  Cx 

n max 
Note t h a t  e and a are l o c a t i o n  and s c a l e  i '  

parameters, r e s p e c t i v e l y ,  so  t h a t  i t  i s  n a t u r a l ,  as i n  t h e  
normal  d i s t r i b u t i o n ,  t o  use t e a p r i o r i  d i s t r i b u t i o n s  f ( 0 )  = 
c o n s t a n t ,  f ( a )  = c o n s t a n t .  a-'. Using t h e  b a s i c  fo rmula  (11, 
t he  j o i n t  conf idence  d i s t r i b u t i o n  i s  

I 
i e = x .  Ja=o  n 

With r e s p e c t  t o  a t h e  i n t e g r a n d  i s  r ecogn ized  as t h e  gamma func- 
t i o n  s o  t h a t  t h e  denominator  becomes, ( l e t t i n g  6 r e p r e s e n t  an 
a p p r o p r i a t e  c o n s t a n t  depending on n )  

Hence 

" 



BELLCOMM. INC. - All - 

The conf idence  d i s t r i b u t i o n  o f  e i s  o b t a i n e d  by i n t e g r a t i n g  o u t  
a i n  (391, i . e . ,  

T h i s  d e n s i t y  i s  r e c o g n i z e d  as a known t a b u l a t e d  d i s t r i b u t i o n  
c l o s e l y  re la ted  t o  S t u d e n t ' s  t - d i s t r i b u t i o n  used i n  connec t ion  
w i t h  t h e  normal d i s t r i b u t i o n .  S p e c i f i c a l l y ,  the  q u a n t i t y  

Xn-X : 

has t h e  F - d i s t r i b u t i o n  w i t h  2 and 2n - 2 degrees of freedom. 

One can  s i m i l a r l y  d e r i v e  the d e n s i t y  f o r  a a l o n e ,  i . e . ,  
f (a /x) .  
degrees o f  freedom. 

I n  f a c t ,  an(xn-x) has t h e  gamma d i s t r i b u t i o n  w i t h  n-1 

One can a l s o  d e r i v e  t h e  above r e s u l t s ,  which are un- 
doubtedly  well-known, by  t h e  u s u a l  c l a s s i c a l  methods. One 
shows f i r s t  t h a t  xn and xn-x) are independen t ly  d i s t r i b u t e d , *  
t h a t  2na(e-xn)  has a x 2  d i s t r i b u t i o n  w i t h  2 degrees of freedom, 
and t h a t  2an(xn-x) h a s  a x 2  d i s t r i b u t i o n  w i t h  2n-2 degrees o f  
freedom. It fo l lows  t h e n  that  t h e  r a t i o  o f  t h e  two q u a n t i t i e s ,  
weighted  i n v e r s e l y  t o . t h e i r  degrees of freedom, namely 

- 

*One can a l so  see from ( 3 6 )  t h a t  these are j o i n t  s u f f i c i e n t  
s t a t i s t i c s  f o r  e and a. 
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2na( e-x,) - (n-1) (e-x n ) 1 
2 
1 

2n-2 

- .  
9 

- - - 
2na( xn-x) (xn-x> - .  

I f  t h e  same t y p e  of  argument i s  employed f o r  g e n e r a l  
k ,  i . e . ,  u s i n g  e q u a t i o n  ( 3 4 ) ,  one gets (where C now depends on 
k as w e l l  as n )  

one can 'n , L e t t i n g  x i  = xn-xi (i = 1, * * *  , n )  and y = 8 - 
write  

obse rve  t h a t  when k = 1, g = ( Z X ~ ) ~ .  

t i o n  f o r  e i s  t h u s  
The conf idence  d i s t r i b u -  
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Given t h e  xi, t h i s  e x p r e s s i o n  can b e  n u m e r i c a l l y  i n t e g r a t e d  t o  
o b t a i n  t h e  conf idence  v a l u e  f o r  8 cor re spond ing  t o  any s p e c i f i e d  
v a l u e  P .  It i s  b e l i e v e d  t h a t  t h e  r e s u l t  i s  s t a t i s t i c a l l y  o p t i -  
mum. The d e r i v a t i o n  i s  easi ly  mod i f i ed  t o  app ly  t o  t h e  Type I 
and  Type I1 extreme v a l u e  d i s t r i b u t i o n s .  

O r d i n a r i l y ,  t h e  parameter k w i l l  n o t  b e  known b u t  must 
b e  i n f e r r e d  from the  data as was done f o r  9 and a .  U n f o r t u n a t e l y ,  
k canno t  be t r a n s f o r m e d  i n t o  a l o c a t i o n  parameter, s o  t ha t  there  
does n o t  seem t o  b e  a " n a t u r a l "  a p r i o r i  d i s t r i b u t i o n  f o r  k. A 
s imi la r  s i t u a t i o n  arises w i t h  t h e  gamma d i s t r i b u t i o n  when t h e  
number of degrees of freedom i s  unknown, I n  t h i s  i n s t a n c e ,  
r e a s o n a b l e  i n f e r e n c e s  have been d e r i v e d  assuming t h a t  t h e  a p r i o r i  
d i s t r i b u t i o n  of t h e  parameter  i s  uni form o v e r  t h e  p o s i t i v e  i n t e -  
gers .  F o r  t h e  p r e s e n t  problem, s i n c e  k need no t  b e  a n  i n t e g e r ,  a 
r e a s o n a b l e  a p r i o r i  d i s t r i b u t i o n  would appear t o  b e  f ( k )  = c o n s t a n t  
f o r  k 1. To g e t  t h e n  t h e  conf idence  d i s t r i b u t i o n  f o r  e, an  
a d d i t i o n a l  i n t e g r a t i o n  would be  r e q u i r e d  u s i n g  

' f ( e / x , k ) d k  l i m  1 
A+- A-1 - - - - 



TABLE 1. SOLAR PROTON EVENTS FROM 1956 TO 1961t 

Sept.28 I /  6.0 x 10 6 i 6 

tFrom r e f e r e n c e  5. 
a p p r o x i m a t e l y  t h e  same solar r e g i o n ;  - s i g n i f i e s  d i f f e r e n t  r e g i o n s .  

t between two e v e n t s  s i g n i f i e s  t h a t  b o t h  o r i g i n a t e d  from 

" B a i l e y  e v e n t .  

#The May 4 ,  1960 even t  i s  c o r r e l a t e d  w i t h  t h e  A p r i l  28 ,  1960 e v e n t .  
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TABLE 3.  TOTAL QUARTERLY FLUX 

Q u a r t e r  

I 

1956 11 

I11 

IV 

I 

1957 I1 

I11 

IV 

I 

1958 I1 

I11 

IV 

I 

1959 I1 

I11 

IV 

I '  

1960 11 : 

I11 ; 
1 

B a i l e y  30 Mev f l u x  reduced by f a c t o r  of  1 0 0 .  
'AThe March 29 event  i s  c o n s i d e r e d  p a r t  of t h e  A p r i l 1  and 
A r i l  5 c l u s t e r .  

& * A 7 1  B a i l e y  events--no 1 0 0  Mev f l u x  a v a i l a b l e .  
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TABLE 5 .  CONFIDENCE ESTIMATES FOR CUTOFF FLUX (UNIFORM DISTRIBUTION) 

F lux  Data 1’ Nmax 

I 30 Me? 
I n d i v i d u a l  
Events  f 1.3~10’ 

< 
30 Mev 3 3. 2 x 1 ~ 9  
C l u s t e r s  [ 

:r 1 0 0  Mev t 
I n d i v i d u a l !  3. 5x10 8 

t Events  

I 

i 8 1 0 0  Mev : 3 . 8 ~ 1 0  e-r-..?.-.-- -_ . .” u s t e r s  f 
! 

Truncat ion1 NT i 
A l l  e v e n t s  

Small  
e v e n t s  
exc luded  i 

Flux  
rob=.  90 P r o b = .  35 

N.95 
n C r i t e r i o n  for 
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